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Abstract. Let : x ^ C, Lp{{xi,X2), (?/i,?/2)) = {xi - yiY + (x2 - 2/2)^- We 
say that / : ^ preserves distance > 0, if for each X, 1" G '^{X, Y) = d? 
implies Lp{f {X) , f {¥)) = (P. We prove that each unit-distance preserving mapping 
f : €? ^ <C? has a form / o (7,7), where 7 : C — C is a field homomorphism 
and / : ^ is an affine mapping with orthogonal linear part. We prove an 
analogous result for mappings from to K"^ , where if is a commutative field such 
that char(iiC) ^ {2, 3, 5} and —1 is a square. 

The classical Beckman-Quarles theorem states that each unit-distance preserving 
mapping from to M" {n > 2) is an isometry, see 0-0- Let (/p : x ^ C, 
V9((xi,X2), (2/1,2/2)) = {xi - yiY + {x2 - 2/2)^. We say that / : ^ preserves 
distance > 0, if for each X,Y e ^{X,Y) = <f implies ^{f{X),f{Y)) = d\ 
If / : C2 ^ and for each X,Y e AX,Y) = ip{f{X)J{Y)), then / is an 
affine mapping with orthogonal linear part; it follows from a general theorem proved 
in [3, 58 ff], see also [4, p. 30]. The author proved in [H]: 

(1) each unit-distance preserving mapping / : ^ satisfies (p{X, Y) = {p{f{X), f(Y)) 
for all X,Y eC^ with rational ip{X, Y). 



2000 Mathematics Subject Classification: 39B32, 51B20, 51M05. 

Key words and phrases: affine (semi-afRne) isometry, aifine (semi-afRne) mapping with orthogonal Hn- 
ear part, Beckman-Quarles theorem, Lorentz-Minkowski distance, unit-distance preserving mapping. 



Theorem 1. If / : ^ preserves unit distance, /((0,0)) = (0,0), /((1,0)) = 
(1,0) and /((0, 1)) = (0,1), then there exists a field homomorphism p : M — C 
satisfying 

(2) Vxi,X2GC /((xi,X2)) G {(p(Re(a;i)) + /9(Im(xi)) ■ i, p{Re{x2)) + p{lm{x2)) ■ i) , 

(p(Re(xi)) - p(lm{xi)) ■ i, p(Re(x2)) - p(lm{x2)) ■ i)}. 

Proof. Obviously, g = /|r2 : — > preserves unit distance. The author proved 
in |H| that such a g has a form / o (p, p), where p : M ^ C is a field homomorphism 
and / : ^ is an affine mapping with orthogonal linear part. Since /((0,0)) = 
(0,0), /((1,0)) = (1,0), /((0,1)) = (0,1), we conclude that f\u2 = {p,p). From this, 
condition (2) holds true if {xi,X2) G M^. Assume now that {xi,X2) G \ M?. Let 
xi = ai + bi ■ i, X2 = a2 + b2 ■ i, where ai, hi, a2, 1)2 G M, and, for example hi ^ 0. 
For each t G M 

(/j((ai + 6i ■ i, a2 + b2-i), (cii + tb2, - tbi)) = {t^ - l){hl + hi). 
By this and (1): 

(3) for each t G R with rational {t^ - l)(fe? + hi) we have: 

</'(/((ai + 6i ■ i, a2 + &2 ■ i)), /((«i + th2, a2 - th{))) = [e - l){b\ + hi). 

Let /((ai + 6i ■ i, a2 + 62 ■ «)) = (?/i,l/2)- From (3) and /|ir2 = (p, p) we obtain: 

(4) for each t G R with rational [t^ — l){h\ + hi) we have: 

{yi - p{a,) - p(t)p(&2))^ + (?/2 - Pia2) + p(t)p(6i))^ = {t' - 1)(6? + &^). 

For each t G R with rational (t^ — 1)(6^ + 63) we have: 

it' - mi + hi) = p{{e - i){hi + hi)) = (p(t)2 - i)(p(6i)^ + p(&2)^). 

By this and (4): 

(5) for each t G R with rational (t^ — l)(fef + feg) we have: 

(2/1 ~ p(ai))2 + (y2 - p(a2))2 + +p(62)2 + 2p(t) • (p(fei)(2/2 - P(a2)) - p(62)(yi - p(ai))) = 0. 

There are infinitely many t G M with rational (t^ — l)(6i + hi) and p is injective. From 
these two facts and (5), we obatin: 

(6) p{hi){y2 - p(a2)) - p(&2)(2/i - p{ai)) = 
and 

(7) ivi - p(ai))2 + (2/2 - P(a2))2 + p(&i)^ + p{h2)' = 0. 
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By (6): 

(8) y,-pia,) = ^y{y,-p{a^)). 
Applying (8) to (7) we get: 

It gives (^^^^(^p^ + l) ■ (P(^i)' + Pib2f) = 0- Since p{bif + p(62)' 0, we get 
2/1 = p{ai) + Pih) ■ i or = p(ai) - • i . 



-V ' ^ V- 



case 1 case 2 

In case 1, by (8) 

y2 = p{a2) + ■ {yi - p{ai)) = p{a2) + ■ (p(ai) + • i - p{ai)) = ^(02) + p{b2) ■ i . 
In case 2, by (8) 

2/2 = p{a2) + ■ {yi - p{ai)) = p{a2) + ■ (p(ai) - p(6i) • i - p(ai)) = p{a2) - ^(62) • i. 

The proof is completed. 

Let / : ^ preserves unit distance, /((0,0)) = (0,0), /((1,0)) = (1,0) and 
/((0, 1)) = (0, 1). Theorem 1 provides a field homomorphism p : R — > C satisfying (2). 
By Theorem 1 the sets 

A = {{xi,X2) e : f{{xi,X2)) = {p{Re{xi))+p{lm{xi))-i, p(Re(x2))+p(Im(x2))-i)} 
and 

B = {{xi,X2) e : f{{xi,X2)) = (p(Re(xi))-p(Im(xi))-z, p(Re(x2)) -p(Im(x2)) ■ i)} 
satisfy A\J B — C^. The mapping 

C3x-^ p{Re{x)) + p(Im(a;)) • i e C 
is a field homomorphism, 6 extends p, 

A = {{xi,X2) e : f{ixi,X2)) = {0{xi),e{x2))}. 

The mapping 

C3 x^ p{Re{x)) - p(Im(x)) • i G C 



is a field homomorphism, ( extends p, 

B = {{x,,X2) e : /((a;i,X2)) = (C(a;i), C(a;2))}. 

We would like to prove / = 9) oi f — (C, C); we will prove it later in Theorem 2. 

Let ^ : X ^ M, ^p{{xi,X2), (2/1,1/2)) = Im(xi) • Im(2/i) + Im(x2) • Im(y2). 

Lemma 1. It xi,X2,yi,y2 e C, (p{{xi, X2), iyi,y2)) e Q and ^((xi, 0:2), (2/1, ^2)) 0, 
then 

(9) (yi,t/2)eil implies {xi,X2) e A 
and 

(10) {yi,y2) e B implies (a:i,X2)eS. 

Proof. We prove only (9), the proof of (10) follows analogically. Let (p{{xi, X2), {yi, 2/2)) = 
r e Q. Assume, on the contrary, that (2/1,^/2) £ -A and (a;i,a;2) ^ -4.. Since ilUS = C^, 
{xi,X2) e -B. Let xi ^ ai + bi ■ i, a;2 = 02 + 62 • «, 2/i = oi + &i • «, 2/2 = 02 + ^2 • i, 
where ai, 61, 02, 62, Oi, 61, 02, 62 e M. By (1): 

r = <f{{xi,X2), {yi, 2/2)) = ^(/((^^i, 2:2)), /((t/i, 2/2))) = 

(11) 

(p(ai) - p(6i) • z - p{ai) - p{bi) ■ if + (p(a2) - ^(62) • i - p{a2) - p{h2) ■ if- 
Since r e Q, 

r = 6'(r) = 6'((ai + 61 • i - oi - 61 • i)^ + (02 + 62 ■ « - "2 - &2 ■ «)^) = 

(12) 

(p(ai) + p{hi) ■ i - p(ai) - p{bi) ■ if + (^(02) + p{b2) ■ i - p(a2) - p(&2) • if- 
Subtracting (11) and (12) by sides we obtain: 

2p(6i) • i ■ {2p{b,) ■ i - 2p{ai) + 2p(ai)) + 2^(62) • i ■ {^pih) ■ i - 2^(02) + 2^(02)) = 0. 
Thus 

(13) - p{bibi + 62^2) = p{bi{ai - oi) + 62(02 - 02)) ■ «■ 

Squaring both sides of (13) we get: 

p{{bibi + 62^2)' + {bi{ai - ai) + 62(02 - a2)f) = 0, 

so in particular il^{{xi, X2), (2/1,2/2)) = 6161 + 6262 = 0, a contradiction. 
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The next lemma is obvious. 

Lemma 2. For each S,T e M? there exist n e {1,2,3,...} and Pi,...,P„ e such 

that \\S-Pi\\ = IIP1-P2II = = ||Pn-l-Pn|| = =1. 

Lemma 3. For each X e \ 

{i, i) e A implies X e A 

and 

{i, i) e B implies X e B. 

Proof. Let X = (oi + 61 • i, 02 + &2 • «), where oi, 61, 02, 62 £ Since X e \ R^, 
61 7^ or 62 7^ 0. Assume that 61 7^ 0, when 62 7^ the proof is analogous. The points 
S ^ (ai + yrT&l, 02 + v^l + (61 - 1)2^ and T = (^2, O) belong to Applying 
Lemma 2 we findPi,...,P„ e satisfying ||^-Pi|| = IIP1-P2II = - = \\Pn-i-Pn\\ = 
||P„ - T|| = 1. The points 
^i = X, 

X2 = (ai + Vl + ^i + ^1 ■ i 02) , 

X3 = 5+(i,0)= (ai + vTT6|+i, 02 + + 

X4 = Pi + (i,0), 
X5 = P2+(i,0), 



X„+3-P„ + (i,0), 

^n+4 = T+(i,0) = (V^+i, 0), 

satisfy: 

for each fee {2, 3, n + 5} (/7(Xfc„i, X^) = 1, 

^{Xi, X2) = bly^O, i{j{X2, Xs) = h^0, for each k e {4, 5, n + 5} ^/'(Xfc-i, X^) = 1. 
By Lemma 1 for each k e {2, 3, n + 5} 

Xfe e implies X^^i e ^4. 

and 

Xk & B implies Xk-i G -B. 

Therefore, (i, = X„+5 G ^ implies X = Xi G A, and also, {i, i) = Xn+5 G B 
implies X = Xi G fi. 
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Theorem 2. If / : ^ preserves unit distance, /((0,0)) = (0,0), /((1,0)) = 
(1,0) and /((0, 1)) = (0,1), then there exists a field homomorphism 7 : C — C 
satisfying / = (7,7). 

Proof. By Lemma 3 

e A implies \ M2 c ^ 

and 

[i, i) e B implies \ c B. 

Obviously, C ^ and c Therefore, 

A = C2 and / = {9, 6), if (i, i) e A, 

and also, 

S = C2and/=(C,C), if {i,i)eB. 
As a corollary of Theorem 2 we get: 

Theorem 3. Each unit-distance preserving mapping / : ^ has a form /o (7, 7), 
where 7 : C ^ C is a field homomorphism and / : ^ is an affine mapping with 
orthogonal linear part. 

Proof. By (1): 

l = (^((0,0),(l,0)) = ^(/((0,0)),/((l,0))), 

1 = (^((0,0),(0,l)) = ^(/((0,0)),/((0,l))), 

2 = (^((1,0),(0,1)) = ^(/((1,0)),/((0,1))). 

By the above equalities there exists an affine mapping J : — with orthogonal 
linear part such that J(/((0,0))) = (0,0), J(/((1,0))) = (1,0), J(/((0, 1))) = (0,1). 
By Theorem 2 there exists a field homomorphism 7 : C — C satisfying J o / = (7, 7), 
so / = J'^ o (7,7). 

Obviously, Theorem 3 implies (1). The author proved in |10| : 

(14) if n > 2 and a continuous / : C" — C" preserves unit distance, then / has a 
form / o (p, p), where J : C" — C" is an affine mapping with orthogonal linear part 
and p : C ^ C is the identity or the complex conjugation. 

The only continuous endomorphisms of C are the identity and the complex conjugation, 
see [6, Lemma 1, p. 356]. Therefore, Theorem 3 implies (14) restricted to n = 2. 
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Let iiC be a commutative field, char(if ) ^ {2, 3, 5}. Let d : x K denote 

the Lorentz-Minkowski distance defined by (i((xi,X2), {yi,y2)) = {xi — yi) ■ (x2 — 2/2)- 
H. Schaeffer proved in [7, Satz 1, Satz 2, Satz 3]: 

(15) if / : preserves the Lorentz-Minkowski distance 1, /((0,0)) = (0,0) 

and /((1, 1)) = (1, 1), then there exists a field homomorphism a : K ^ K satisfying 

Vxi,X2 G K f{{xi,X2)) = (a(xi),cr(x2)) or Vxi,X2 G K /((xi,X2)) = (cr(x2), o-(xi)). 

Unfortunately, the proof of Satz 3 in |7] is complicated, the main part of this proof was 
constructed using computer software. 

Let lpk ■ >^ K'^ ^ K, (/^/^((xi, X2), (yi,?/2)) = (a^i - ?/i)^ + (^2 - 2/2)^- Theorem 4 
generalizes Theorem 3. 

Theorem 4. Let there exists i & K such that P + 1 = 0. Let / : — > preserves 
unit distance defined by (pK- We claim that / has a form / o (cr, a), where a : K ^ K 
is a field homomorphism and / : is an affine mapping with orthogonal linear 

part. 

Proof. Assume that /((0,0)) = (0,0). The mappings 

3 {xi, X2) — ^ {xi + i ■ X2, Xi — i ■ X2) E 

and 

3 (xi, X2) [\xi + |x2, - \xi + \X2) G 

satisfy: 

V°^ = ^°V = id(if^), 

Vxi, 2:2, 2/1, 2/2 G K (pKiixi,X2), (2/1,2/2)) = d{^{{xi,X2))..^{iyi,y2))): 
Vxi,X2,2/i,2/2 G K d{{xi,X2), (2/1,2/2)) = c/J/f (77((xi, X2)), r7((2/i, 2/2)))- 

Therefore, $,oforj : iiC^ — > preserves the Lorentz-Minkowski distance 1. Obviously, 
(eo/or/)((0,0)) = (0,0). Let (^ o / o ry)((l, 1)) = (a, 6) G K^. We have: 1 = 
rf((l, 1), (0, 0)) = d((e o / o ,^)((1, 1)), (e o / o r7)((0, 0))) = rf((a, 6), (0, 0)) = a ■ 6. Hence 
b = ^. For each z G iiC \ {0} the mapping 

K'3{x,y)^{^^,z.y)eK' 

preserves all Lorentz-Minkowski distances, A(i) o \(z) = \{z) o A(i) = id(iiL'^). The 
mapping A(a) o ^ o f o rj : preserves the Lorentz-Minkowski distance 1, 

(A(a)oeo/or^)((0,0)) = (0,0) and (A(a) o ^ o / o r/)((l, 1)) = (1,1). By (15) there 
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exists a field homomorphism a : K ^ K satisfying 

A(a) o { o / o // = (fT. a) or A(«) o ( o / o // = // o (o". a) , 

V ' ^ ■ V '■ ' 

case 1 case 2 

where h : — > , h{{xi,X2)) — {x2iXi). 

In case 1: f — rj o X(^) o (a,a) o ^ — fi o (cr, a), where /i : —>■ K^, 

Mix,, X2)) = ((! + 2^) ■ ^1 + (f - ^) ^« ■X2, - (f - ^) ^ • - (f + ^) ■ ^2). 

In case 2: f — rj o A(^) o ho {a,a) o ^ — f2 o (cr, o"), where /2 : -K"^ ^ A"^, 

0:2)) = ((f + ^) ■ XI - (f - ^) • X2, - (f - ^) ^ + (f + ^) ^a(z) ■ x^). 
The mappings /i and /2 are linear and orthogonal. The proof is completed. 
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